Introduced by Albertson et al. [1], the distinguishing number D(G) of a graph G is the least integer r such that there is a r-labeling of the vertices of G that is not preserved by any nontrivial automorphism of G. Most of graphs studied in literature have 2 as a distinguishing number value except complete, multipartite graphs or cartesian product of complete graphs depending on n. In this paper, we study circulant graphs of order n where the adjacency is defined using a symmetric subset A of Zn, called generator. We give a construction of a family of circulant graphs of order n and we show that this class has distinct distinguishing numbers and these lasters are not depending on n. '
Introduction
In 1979, F.Rudin [12] proposed a problem in Journal of Recreational Mathematics by introducing the concept of the breaking symmetry in graphs. Albertson et al. [1] studied the distinguishing number in graphs defined as the minimum number of labels needed to assign to the vertex set of the graph in order to distinguish any non trivial automorphism graph. The distinguishing number is widely focused in the recent years : many articles deal with this invariant in particular classes of graphs: trees [3] , hypercubes [2] , product graphs [10] [9] [8] [5] and interesting algebraic properties of distinguishing number were given in [11] [13] and [14] . Most of non rigid structures of graphs (i.e structures of graphs having at most one non trivial automorphism) need just two labels to destroy any non trivial automorphism. In fact, paths P n (n > 1), cycles C n (n > 5), hypercubes Q n (n > 3), r (r > 3) times cartesian product of a graph G r where G is of order n > 3, circulant graphs of order n generated by {±1, ±2, · · · ± k} [7] (n ≥ 2k + 3) have 2 as a common value of distinguishing number. However, complete graphs, complete multipartite graphs [4] and cartesian product of complete graphs (see [8] [5] [6] ) are the few classes with a big distinguishing number. The associated invariant increases with the order of the graphs. In order to surround the structure of a graph of a given order n and get a proper distinguishing number we built regular graphs C(m, p) of order mp where the adjacency is described by introducing a generator A (A ⊂ Z m.p ). These graphs are generated by A = {(p − 1) + r.p, (p + 1) + r.p : 0 ≤ r ≤ m − 1} for all n = m.p ≥ 3. In fact, the motivation of this paper is to give an answer to this following question, noted (Q): "Given a sequence of ordered and distinct integer numbers
. , r and n is the common order of the r graphs?" In the following proposition, we give the answer to this question:
Proof. Suppose that d 1 = 2 and n = d r . For the integer d r , we assume that
For the other integers, we consider the disconnected (r − 1) graphs G i having two connected component C and C ′ such that C ≃ K di and C ′ is a path P n−di for all i = 1, . . . , (r − 1). Observe that, when d 1 = 2 or n = d r = 4, then the connected component C and C ′ can not be isomorphic. By consequence, an automorphism δ of a graph G i acts in the same connected component for all 1
and n = d r = 4 the same graphs are considered except for G 1 where we put
The graphs of Proposition 1 are not completely satisfying since these ones are not connected. Furthermore, these graphs give no additional information for graphs having hight distinguishing number, since they just use cliques for construction. So our purpose is to construct connected graphs structural properties that give answer to question (Q) 
So, in section 1, basic definitions and preliminary results used in this paper are given. Then in section 2, we define circulant graphs C(m, p) , n = m.p ≥ 3 and provide interesting structural properties of this class of graphs.These later are used to determine the associated distinguishing number which is given in section 3. We also give the proof of Theorem 2 in the same section. Finally, in section 4, we conclude by some remarks and possible improvement of reply of the question (Q).
Definitions and Preliminaries Results
We only consider finite, simple, loopless, and undirected graphs G = (V, E) where V is the vertex set and E is the edge set. The complement of G is the simple graph G = (V, E) which consists of the same vertex set V of G. Two vertices u and v are adjacent in G if and only if they are not in G. The neighborhood of a vertex u, denoted by N (u), consists in all the vertices v which are adjacent to u. A complete graph of order n, denoted K n , is a graph having n vertices such that all two distinct vertices are adjacent. A path on n vertices, denoted P n , is a sequence of distinct vertices and and n − 1 edges
A path relying two distinct vertices u and v in G is said uv-path. A cycle, on n vertices denoted C n , is a path with n distinct vertices v 1 , v 2 , . . . , v n where v 1 and v n are confused. For a graph G, the distance d G (u, v) between vertices u and v is defined as the number of edges on a shortest uv-path. Given a subset A ⊂ Z n with 0 ∈ A and for all a ∈ A and −a ∈ A, a circulant graph, is a graph on n vertices 0, 1, . . . , n − 1 where two vertices i and j are adjacent if j − i modulo n is in A.
The automorphism (or symmetry) of a graph G = (V, E) is a permutation σ of the vertices of G preserving adjacency i.e if xy ∈ E, then σ(x)σ(y) ∈ E. The set of all automorphisms of G, noted Aut(G) defines a structure of a group. A labeling of vertices of a graph G, c :
The distinguishing number of a complete graph of order n is equal to n. The distinguishing number of complete multipartite graphs is given in the following theorem: 
The following lemma shows how modules can help us to estimate the value of distinguishing number in graphs: 
3 
Else, we have r bc < k m + r bc . We have
which belongs to A since 0 m + r bc − k m − 1. 
Proof of Theorem 2 and Theorem 7
In this section, we give the proof of Theorem 7 in the first step, while the second step is spent to give the proof of the Theorem 2 
Let ψ be a mapping defined as follows: ψ : V → V such that ψ(i + rp) = p − (i + 1) + rp. Let prove that ψ is an automorphism of G. Let a = i+rp and b = j +r ′ p two adjacent vertices then b−a = j −i+(r ′ −r)p ∈ A. We have ψ(b) − ψ(a) = i − j + (r ′ − r)p which belongs to A. Thus ψ is an automorphism of G. Check now that δ −1 • ψ • δ is non trivial automorphism of G preserving the labeling c. See Fig. 2 . Then δ −1 • ψ • δ is clearly an automorphism because it is a composition of automorphisms.
is not a trivial automorphism. To complete the proof, it is enough to show that c(u) = c(δ Let us prove that each vertex lebeled 1, is fixed by the automorphism δ: Consider the table describing the sequence of labels of the vertex u:
For all i such that 0 < i < ⌊ p 2 ⌋, we have the sequence of labels occurring in the neighborhood of a vertex i is (1, 1, 3, 3 
Remarks and conclusion
We have studied the structure of circulant graphs C(m, p) by providing the associated distinguishing number. We have determined the distinguishing number of circulant graphs C(m, p) for all m.p ≥ 3 with m 1 and p 2. We can summarize the result which give the value of distinguishing number for circulant graphs C(m, p) as follows: .
